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The time difference profile method of gel scanning chromatography developed by Brumbaugh, Saffen and Chun (Bio- 
physical Chemistry, 1979) has been examined by computer simulation. The method is found to produce values for cenfroid 
movements that mimic those of the system being examined but are not quantitatively correct. In all cases the time differ- 
ential “centroid” is larger than that of the concentration derivative (true) centroid and move at a rate slightly faster than 
the true centroids. This faster rate slowly decreases towards the true rate but does not approach it within reasonable times. 
This distorted movement reflects the distorted emphasis given to the Iarger species in the time differential method. The 
time difference method has been shown to give an adequate measure of the axial dispersion coefficient, L, for single species 
systems. 

l_ Introduction 

The scanning gel chromatograph developed by 

Ackers [l] is a powerful and multifunctional instru- 
ment [2-91 (For the most recent review see ref. [IO]). 
Recently a time difference technique has been intro- 
duced by Brumbaugh, Saffen, and Chun [11,12] where 
successive scans are subtracted from one another to 
yield a time difference boundary_ These authors de- 
sire information concerning partition cross-sections, 
,$; partition coefficients, o; hydrodynamic radii; and 
other physical parameters. The difference technique 
has also been applied to systems undergoing self as- 
sociation [12,13] _ This paper deals tith computer 
simulations of the difference technique as it is applied 
to self-associating systems in order to verify or dis- 
count the usefulness of these new analytical tech- 
Iniques. In these systems all the parameters are calculat- 
ed from “ideal” (simulated) profiles and thus can be 
related tc “correct” (input) parameters without the 
interference of experimental noise. 

2. Methods 

Computations were performed on an IBM 370/l 68 
digital computer with virtual storage. All graphs in 
this paper have been produced directly from the com- 
puter’s Calcomp system. The simulation program used 
was that described previously [ 14,151 and is a modifi- 
cation of a program of_Cox [16-19]_ Briefly this 
program uses finite difference techniques to solve the 
basic transport equation of gel chromatography 

J’ = F6&A - L dC’/dx (1) 

where .7’ is the solute flux, (dm/dt)/Ag, F is the flow 
rate, A the cross-sectional area, x the distance coor- 
dinate, C’ the apparent concentration (C’ = LC$) [ 10, 
20,211, and .$ is the partition cross-section [14] _ The 
dimensionless parameter, ,$, reflects the relative con- 
tribution of the-void and internal volumes through the 
dimensionless parameters CI and fi [14] 

E=CK+@, (2) 

where CY is the fraction of the volume due to the void 
volume, p is the fraction of the volume due to the 
internal volume, and o is the partition coefficient of 
the macromolecule. For an associating system, the ap- 
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Table 1 
Equilibriumconstantsandde~eeofassociation 

Monomer-n-mer system Percentage 
n-mer 
by weight 

K 

(nlg/ml)-(z-l) M-k-1) 

Monomer-tetramer 

1 
2 

3 

10 1.52 x 102 1.87 x 1014 
50 8.00 x 103 9.83 x 10’5 
90 9.00 x 106 1.11xlo'9 

Monomer-octamcr 
1 
2 

3 

10 2.32 x IO6 I.19 X 1035 
50 1.28 x 109 6.57 X 1O37 
90 9.00 x 10’4 4.62 X 1O43 

Fropriate parameters are o,v, the weight average parti- 
tionzoefficient; F&A, the weight average velocity; 
and L, the gradient average axial dispersion coefficient. 

Parameters used in this simulation were sknilar 
to those used previously [14] and are listed in tables 
1 and 2. In all cases, the system simulated represents 
column parameters for a Sephadex G-200R column 
where LY = 0.295, p = 0.670, and F = 1.2 ml/hr. Direct 
time profiles were run for a simulated time of 180 
minutes; time difference profnes for 180 minutes 
were obtained either by taking the difference of 200 
minute profiles from 160 minute profiles (the mathe- 
matics were performed in this order to give positive 
differences and allow more direct comparisons with 
derivatives of the direct profiles) or by subtracting a 
185 minute profde from a 175 minute profile. All 
skulations are for the trailing boundary of a large 
zone experiment [ 10,20,21]. 

3. Results and discussion 

Fig. 1 shows the results of direct comparisons of 

Table 2 
System parameters for gel chromatography simulation 

the derivatives of directly determined boundaries for 
six widely differing systems and corresponding time 
difference profiles. In particular figs. ID-F, showing 
a monomer-octamer system, give the most stringent 
test of the time difference technique’s ability to mimic 
the information present in direct profiles. Figs. IA-C 
show a more common situation, that of a monomer- 
tetramer equilibrium. For both the tetrameric and 
octarneric systems, simulations are shown for systems 
originally contaiuing 90%, SO%, and 10% monomer. 
As can be seen, the positions of the peaks of each 
component visually compare quite nicely, but, not 
surprisingly, the relative heights and widths do not. 
In fact, the good correspondence of the heights for 
the time difference and the derivative curves is strictly 
coincidental since the heights are completely depen- 
dent upon the times chosen for the time differences. 
This can be seen when comparing a 40 minute dif- 
ference (fig. 1F) and a 10 minute difference (fig. 2) 
for the same experimental system. The relative features 
of the two profiles are maintained but the relative 
heights are a function of *he movemen? achieved during 
the time difference. The important difference between 

Comporient 

Monomer 
Tetramer 
Octamer 

Partition 
coefficient 

0.714 
0.474 
0.366 

Axial dispersion Molecular 
coefficient radius 
(cln2/min) (A) 

3.61 X lo4 18.9 
4.86 X l@’ 30.0 
7-10 x 10-4 37.8 

Molecular 
weight 

17 000 
68 000 

136 000 



175 

.cm 

00 -00 

Fig. 1. Comparisons of the derivatives of direct concentration profiles, (dC-#ix, solid iines), after 180 min of simulation and time 
difference profiles for time 160-200 min (C(,-)rl - Cg;)t2, dotted lines). T&e differences are given in this order to make the 
resulting differences in the trailing edge have a positive value. A. monomer-tetramer; 10% tetramer B. morumer-tetrarner; 50% 
tetramer C. monomer-tetrawer; 90% tetramer I). monomer-octamer; iO% octamer E. monomer-octamer; 50% octamer F. mor,o- 
mer-octamer; 90% octamer. Ibailed parameters for tke simulations are given in the text. 
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Fig_ 2. Comparison of the derivatives of a direct concentration 
profile (solid line) and a narrow time difference curve (dotted 
line). Both curves represent the monomer-octamer system 
with initially 50% octamer. The solid curve is the same as the 
solid line in fig. 1E but the time difference curve is for a ten 
minute difference only (175-185 min). 

the concentration derivative curves and the time dif- 
ference curves, however, is the failure of the time 
difference technique to adequately reflect the relative 
proportions of the leading and trailing components_ 

The difference in the relative proportions seen m 
the graphs is also found when one attempts to cal- 
culate the position of the center of mass. Wren the 
concentration derivative curves are examined, the 

correct centroid positions are calculated; however, 
when the centroids of the time difference profiles 
are calculated, the resulting values are always greater 
than the correct value (table 3) reflecting an apparent- 
ly greater contribution from the larger component 
than is actually present. These differences are small 
however, except for the case of the 50% octamer sys- 
tem where tbe relative proportions of the two con- 
centration derivative peaks are more nearly equal. 
In an experimental system, with experimental noise, 
only this one system would show a significant dif- 
ference from the correct vaiue. While the tune dif- 
ference method is consistently incorrect in obtaining 
centroid positions, the data of interest are the rates 
at which successive “centroids” move. Jn table 4 is 
shown how the time “centroids-’ move for two of 
the simulated systems. The case of the 50% octamer 
system has heen shown to be the worst case of those 
presented (table 3). Notice that the dirferences be- 
tween calculated and real centroids increases as the 
time increases and also notice that even in this worst 
case example, the movement of the calculated “ten- 
troid” is almost constant, and therefore experimental- 
ly no curvature would be detectable_ The movement 
is also somewhat faster than the true rate of movement. 
This would result in calculated values of g, the parti- 
tion cross-section, and u, the partition coefficient, 
being lower than the true values. This also holds for 
a system where the difference of true and calculated 
values is not so severe (90% octamer). The rate of 
movement of the time differential centroids decreases 
slightly with time but does not approach the correct 
value even at very long times. 

Table 3 
Comparison “centroid” positions from differences and concentration differentials 

System True centroid 
(cm) 

Centroid from 
time difference 
(cm) 

Centr3ii from 
wncenuation 
derivative 
(cm) 

10% tetramer 4.7536 4.7760 4.7536 
50% tetramer 5.1950 5.2455 5.1950 
90% tetramer 5.7265 5.7578 5.7265 
10% octamer 4.8139 4.8511 4.8131 
50% octamer (wide) . 5.5664 5.7187 5.5614 
50% octamer (narrow) 5.5664 5.7171 5.5664 
90% octamer 6.6001 6.6842 6.6001 

100% monomer (wide) 4.6549 4-6680 4.6549 
100% monomer (narrow) 4.6549 4.6688 4.6549 
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Table 4 
Comparison of “centroid” positions as a function of time 

50% Octamer, wide time derivative 

Time True hlovement Centroid 

(mm) centroid of from time 
(cm) cent&d difference 

(AK cm) (cm) 

Movement 
of time 
difference 
centroid 
(4-K cm) 

60 1.8555 - 1.9286 - 
90 3.0924 1.2370 3.1929 1.2643 

140 4.3294 1.2370 4.4563 1.2634 
180 5.5664 1.2370 5.7187 1.2624 

Another use for the time difference technique 
claimed by Brumbaugh et al. [I21 is that one can 

directly calculate values of the axial dispersion coeffi- 
cient, L. Since this is valid only when a single species 
is present, sirrmlations were run using the monomer 
only (fig. 3). These time difference profiles were then 
analyzed by eq. (9) of Brumbaugh et al. [ 121 as cor- 
rected by Chun @ersonal communication)_ However 

0 

1 

Fig. 3. Comparison of a wide time difference curve (40 mm) 
and a narrower time difference curve (10 mm) for a single 
species. Tire upper curve is for the diiferenee profile of 160- 
200 mm for tire monomer only. Tire lower curve represents 
a ten minute difference (175-185 min) for the same sys- 
tem. 

90% Octamer 

True Movement 
centroid of 
(cm) centroid 

(Ax, cm) 

2.2000 - 
3.6667 1.4667 
5.1334 1.4667 
6.6001 1.4667 

Centroid Movement 
from time of time 
difference difference 
(cm) centroid 

(G cm) 

2.2426 - 
3.7249 1.4823 
5.2052 1.4803 
6.6842 1.4790 

those equations lost a factor of two during integra- 
tion_ Also the value of Co used by Chun in his dis- 
cussion is the value of the starting concentration of 
the bulk soiution while the scanner measures an ap- 
parent concentration (C’b = Co.!$)>. Making these 
changes, the final equation for L is (see Appendix for 
derivation and assumptions) 

L = 12/2C;, At%, 

where 

(3) 

12 = 
- C&F 

__ Eat s (Z - x)’ exp [-(Y - x)‘/4Lt] dx. 

(4) 

Because of the way the expression within I2 is 
derived and because both f2 and x are functions of 
time it might be weII to ask whether i; should be the 
time of the first proffie, the time of the second con- 
centration profde, or the average time that should be 
used in these cakzulations; Chun advocates the use of 
the time of the second concentration profile (personal 
communication). Table 5 presents these values calculat- 
ed for all three cases for both the wide and narrow 
time differences. 

Since the generated profiles are not subject to ex- 

perimental error, one can now compare the calculated 
value of L with the input value of L (3-6 1 X 10m4 
cm2/m@r). As can be seen in table 5, the best values 
are obtained when t, and the corresponding X, is the 
average of the two times Scanned. This is not surprising 
since in that way the ?i - x terms are minimized in the 
time difference profde. It also can be seen that ah of 
the narrow time calculations come reasonably close - 
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Table 5 
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Calculation of dispersion coefficients for the monomer 

Simulation Time ,_ 
(min) (cm, 

I= 
&) 

Calculated L 
(cm2/min) 

rnput L 
(cm’/min) 

Wide dif_ (time 1) 160 4 1377 
(avg) 180 4:6549 
(time 2) 200 5.1721 

Narrow dif. (time 1) 175 4.5256 
(avg) 180 4.6549 
(time 2) 185 4.7842 

to the input value while only the “average time” cal- 
culations hold for the wide time difference_ Eq. (3), 
if it were exact, would not have this dependence on 
A?. However eq. (3) was developed by looking at 
the time differential at each X, (dcldf). Later dcjdt is 
approximated as AC/& and therefore the exactness 
is lost. The smaller the value of At, the more exact 
eq. (3) becomes. This type of determination can only 
be made on single-species systems since multicompo- 
nent systems give curves that are much broader thzn 
the gradient average dispersion coefficient would pre- 
dict, just as the well known case with diffusion co- 
eff!cients in ultracentrifuge patterns. 

4. Summary 

The time difference technique of Brumbaugh et 
al. [12] (also Zimmerman and Grothusen, unpublish- 
ed observations) has proven itself to be a very valuable 
tool for increasing the experimental sensitivity of 
scanning gel chromatography and also for the early 
detection of components present as a small fraction 
of the major component. T-his paper has shown that 
attempting to absolutely quantitate the movement 
of a multicomponent system using centroid positions 
of the difference curve is unjustified (this holds for 
the movement of single species as well). Each con- 

Appendix 

- 

0.0399 1.56 X 1O-3 3.61 X lo4 
0.0174 6.04 X lO* 3.61 x lo4 
0.0377 1.17 x10-3 3.61 X lo4 

0.00:1 4.44 x 10-a 3.61 x 1O-4 
0.0027 3.75 X 10-4 3.61 X lo4 
0.0030 4.Oi X lO* 3.61 X 104 

centration prome itself can be described using an 
error function complement [10,20,21], and for a single 
species, the concentration derivatives wiil describe a 
gaussian curve in x at any @ven time. However the 
difference in two profdes obtained at differing times 
includes the variable of time and results in a non- 
gaussian difference profile. This change in variable 
also explains the fact that centroids cannot quantita- 
tively bc :btained by the ‘tie difference profile. How- 
ever, as discussed previously, wi’rhin experirneqtal 
error and if looked at with some scepticism, the values 
of $ and o obtained should be reasonably accurate_ 

This is also the case with the determination of *he 
axial dispersion coefficient, L, at least for _monodis- 
perse systems. Computer simulations provide the 
only adequate test for any derived expressions since 
currently only one group, other than Chun’s, has 
determined values for L and ?hus there has not been 
a great deal of cross-checking using different methods. 

From a practical, experimental, point-of-view, the 
method of time difference profdes appears to be quite 
useful. 
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For a single species, the trailing edge can be described by 

C(,,,)= 3 Co erfc @i&IF 
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where 

erfc(z) =-& $ e -Pdt= 1 --$g j e-“dr 

0 
and@=%-x,oothatdQ=-dx. 

at a constant value of x 

and since f = Ftl.&, 

exp [-(Ff/&2 - x)2/4Lr3 dx 
II 

+ (F&z - x)” 

Jr4t2r, 
exp [-(Ft/&z - ~)~/4Lt] 1 dx. 

Assume that &3/&z - x remains finite as t becomes large then the third term in the sum becomes small compared 
to the others. Also assume dC/dt can be approximated by AC/At (a major problem). Then 

AC(z) =$$$ 7 [ - --& exp [-(Ftlf;a - x)/4Lt] ‘-7 2F (Ft”a 7 9 exp [-(Fr/&z - ~)~/4Lt] & Ea4Lt 1 
Z . . . _ 

Let Q = (Ft/&z - x)~ j4Lt, then dQ = (-2/4Lr)(Ft/$a - x)dx. Thus 

1 dQ 

-QdO 1 - - 
The first term, (-C Ar/~~)l,‘Q~/2~~)e-~dQ is of the form A_&? (eay/ym)dy, where a = -1, m = 4 
2nd A = -C,At 3 Lt/2d4nLt3. l-hs 
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- ew s eQy a -dy=----& -+- s em 

Z’ Yrn 
-- dy 

Y 
m-l m-1 

.&,, ym--l 

and can be expanded indefinitely. 
Putting values for 712 and a one obtains 

4X0 gfl - i-- +- + 15 II 105 --- - 
Z’ 

At the upper limit, where y = m, the terms in the expression are all of the form 0 - -but repeated applications of 
Wospital’s rule show that all terms equal 0. At the lower limit, z’ = & = (SF - ~)~/4Lt. so if we assume that terms 
above the third term drop our 

A ;r$dp= 
(3 - x)C,At 

exp [-(Z - x)‘/4LtJ + 
C,&(T - x)3 

4r&zF 24?Lm 
exp [-(SF - x)‘/4Lr] 

1 exp [-(37 - ~)~/4Lt], 

or for convenience 

B(Z- x)e-Q +D@-- x)3e-Q_ 

The second term in the Aax) equation, (CoAtfsL) jzF (F&&)e-QdQ is 

ThusAC(x)=B(~-x)eWQ -~D@-x)~e-~ +(COAtFf~~)e-Q. 
The second moment. i2, defmed by Chun is i’ = J_“,Ac(x)(T - ~)~dx; remembering @ = (37 - x) and dQ = -dx, 
this gives 

I2 = - i JIG3 exp(-$2/4Lt) dg - Jrn DG5 exp(-@2)dQ - 9: 
C,-,At 

_cD .5&J= 
exp(-@2/4Lt)d@_ 

-_ -0 

But 

s G3 exp(-G2/4Lt)d@ = 0; 
[J 

DD y3e-“Y2dy = _= _ 6 _m 0 $82 P 

y3e-@‘dy 1 
and 

s 0 

G5 exp(-@2/?Lr)d@ = 0; y5e-m2dy = -!-= _ s y5e-“Y2dy _ 

a3 -- 1 _m 
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But 

C,AtF m 2COAtfW 
XT 1 

-&J-Tz _co 5 
e-Q+ = = _ 

& ’ %312 ’ ==zG - 1 
Since Fr/.& = Z, 

i2 = 2C,,AtZL. 

Remembering that the CO measure& by the scanning gel chromatograph is Cb = <CO 

L = i2 j2$C,,ArZ_ 
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